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The relevance of the research topic. Differential operators of fractional order
can be defined by different ways, and therefore, when solving boundary value
problems and partial differential equations of fractional order, depending on the
proposed operators they should have different approaches.

We should also note that, using operators of fractional order, one can deeper
understand the known results of the theory of functions and boundary value
problems, and get a new class of solutions that allows to cover a wide range of
problems.

In 1827, the Scottish botanist R. Brown, observing the chaotic motion of pollen
particles in a drop of water, discovered a new type of movement, later named after
him, the Brownian motion. The main laws of Brownian motion are the Gaussian
form of the diffusion packet and its spreading according to the law t'* seemed as
universal as Newton's laws. However, in 1926, L. Richardson found that under the
turbulent medium conditions the diffusion packet spreads out according to the law
t¥2. Later this process was called super-diffusion. Another type of diffusion that
differs from normal diffusion is sub-diffusion (slow diffusion). It was found in
percolation processes, in the relaxation of solid materials, in polymer structures,
other phenomena and systems. It turned out that the law of expansion, the form of
the diffusion packet and the type of equation describing these processes, differ
substantially from the normal case. This class of phenomena was called anomalous
diffusion or strange kinetics.

In the 90s of the last century, it became clear that an important place in the
theory of anomalous diffusion is occupied by equations with fractional derivatives.
Therefore, the study of various problems for equations with fractional derivatives
are relevant from the point of view of applied science.

In general, one of the main popular methods widely used in the study of the
theory of partial differential equations is the principle of maximum or minimum.



This principle allows to get information about sought solutions without knowing
about their specific forms.

Recently, due to the development of problems of fractional differential
equations, special attention has been paid to the maximum principle.

One of the important directions in the theory of nonlinear problems is the global
solvability and blow-up of solutions in finite time. The classical theory of global
solvability of non-linear equations is essentially devoted to sufficient conditions
ensuring the solvability of the corresponding initial and boundary value problems.
This new phenomenon in nonlinear global analysis was discovered relatively
recently. It began with the classical work of the Japanese mathematician H. Fujita
and was called the blow-up of solutions.

In 1966, H. Fujita proved the existence of a global solution for a nonlinear heat
equation and a critical index for the blow-up of the solution in finite time. In his
honor, this indicator was called the "critical exponent of Fujita".

Up to now, various generalizations of Fujita's results have been studied in many
papers. Critical exponents of the Fujita type for partial analogs of the diffusion
equation and the integral nonlinear diffusion equation are also studied.

The relevance of the chosen research topic indicates the rapid development of
research in this direction, as well as the fact that currently many works on differential
and integro-differential equations of fractional order are presented on the
authoritative international databases Web of Science, Scopus, MathSciNet, etc.

The aim of the PhD thesis is to study of regular and singular solutions of

systems of linear and nonlinear fractional differential equations and equations.

To achieve the aim of the dissertation, the main objectives of the following

research are considered:

- studying of the maximum and minimum principle for the diffusion
equation, which involved differential operators of fractional order in the
value of Riemann-Liouville, Caputo-Fabrizio and generalized Caputo-
Fabrizio;

- obtaining an analogue of the principle Duhamel for the diffusion equation
of linear fractional order;

- investigating of the existence of local solutions of equations and systems
of equations of non-local and weightless nonlinear diffusion;

- diffusion equation of exponential nonlinear fractional order and
investigation of local and global solvability of systems of equations;

- finding conditions for the nonexistence of a global solution for the
diffusion equation and a system of equations of polynomial nonlinear
fractional order, i.e. critical indicators of the Fujita type.



Object of the PhD thesis. The differential operators of fractional order in the
value of Riemann-Liouville, Caputo-Fabrizio, and generalized Caputo-Fabrizio
represent the diffusion equation given by the initial boundary conditions. Also
consider integro-differential equations and systems of fractional order with
exponential and polynomial nonlinearity.

The methods of scientific research. The researches on the theme assume the
usage of the classical methods of the theory of partial differential equations.

In studying the properties of solutions to nonlinear integro-differential
diffusion equations, we will use various methods of the theory of partial differential
equations and nonlinear analysis. Here are some of the methods that are planned to
use solutions to the problems.

To prove the existence of local solutions, the following are used:

e Method of reduction to integral equations and Duhamel's principle;
e Methods of contraction mappings;

e Methods of fractional calculus;

e Fixed point theorems.

The existence of global solutions will be proved using the methods:

e Method of fundamental solutions and method of Green's functions;
e Inequalities for fractional derivatives;
e Fixed point theorems;
To investigate the blow-up of solutions will be used:
e Test functions method;

Scientific novelty of the work. In this dissertation, questions of mathematical
physics involving derivatives of linear and nonlinear fractional order are
investigated, and also include classical linear problems, as well as a class of
nonlinear problems with significant applications. The issues under consideration are
mostly not studied or marked only for independent cases. Therefore, the research
work summarizes the known results.

Theoretical and practical significance of the results. The research work is
mainly theoretical and fundamental. Therefore, the scientific significance of the
work is associated with the use of deep, modern results of the theory of differential
operators and the creation of new proprietary research and analysis methods.

Publications. On the topic of the thesis 12 papers were published, including
4 publications in a high-ranking scientific journal, indexed in the Web of Science
and Scopus, 3 publications in scientific journals included in the list recommended
by the Committee on the Control of Education and Science of the MES RK for
publication of the main scientific results of scientific activities, 2 publications on the
rights of the manuscript, 1 publication in a domestic journal, 4 publications in
materials of foreign international conferences.
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The structure and scope of the thesis. The PhD thesis includes a title page,

content, introduction, four chapters, conclusion and list of references, consisting of
55 titles. The total volume of the thesis is 102 pages.
The main content of the thesis.

In Chapter 1, we considered an initial-boundary fractional diffusion equation
with Dy Riemann-Liouville fractional derivative

u (x,t)=ADg “u(x,t)+F(xt), (x,t)e(0,a)x(0,T]=,
u(x,0)=p(x), xe[0,a],
u(0,t)=4(t), u(at)=pu(t), 0<t<T,

where 0<a <1, F(x,t), ¢(x) are continuous functions.

Also, we study an initial-boundary fractional diffusion equation with . Dg” in
the sense Caputo-Fabrizio fractional derivative

0 (x0) = 2 e DU+ F(x), (x1)(0:2)x(0T]=0,

u(x,0)=p(x), xe[0,a],
u(0,t)=u(at)=0, 0<t<T,

where 0<a <1, F(xt), ¢(x) are continuous functions ¢(0)=¢(a)=0.

In addition, we studied an initial-boundary fractional diffusion equation with
or Do generalized Caputo-Fabrizio fractional derivative



Zux)= 2o D u(x )+ F(x1), (xt)<(0.2)x(0T]=0,

u(x,0)=¢(x), xe[0,a],
u(0,t)=A(t), u(a,t)=p(t), 0<t<T,

where 0<a <1, F(xt), o(x), A(t), x(t) are continuous functions and A(t), x«(t)are

nondecreasing functions. For these equations maximum and minimum principle
have been obtained.

As an application of the obtained results, we prove the uniqueness of solutions
to linear and nonlinear diffusion equations, as well as the continuous dependence of
solutions on the original set ones.

In Chapter 2, an analog of the Duhamel principle is obtained for the fractional
order diffusion equation in time:

U (xt)-A,Dyu(xt)=f(xt), 0<a<l, xeR", t>0,
u(x,0)=u,(x), xeR",

where u,(x) and f(x,t) are given functions.

The existence of local solutions of nonlocal equations and nonlinear systems of
diffusion equations with weight are also investigated.

Using an analog of the Duhamel principle, taking into account the properties of
the green function of the fractional order diffusion equation in time and the Banach
fixed point theorem, we prove that the problem has a unique local integral solution.

In Chapter 3, for a polynomial nonlinear diffusion equation and a system of
fractional order equations, the conditions for the blow-up (explosion) of the global
solution are determined, i.e., the values of critical exponents of the Fujita type are
determined.

By the method of test functions, as well as by calculating fractional order and
inequalities for fractional order derivatives, the Fujita type critical exponents were
found.

The nonexistence of a global solution of equations and systems of fractional-
order diffusion equations with exponential nonlinearity is investigated and proved
by the method of test functions.



